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Twin Jumping Checkers in Z ~ 
HENRIK ERIKSSON AND BERNT LINDSTROM 
We consider a generalization of an old checker jumping problem from d = 2 to d >t 2: What is 
the maximum of Xd if it is possible to bring a checker to the point (xl ,  Xz . . . . .  xa) in Z a, 
starting with a distribution of checkers at lattice-points in the half-space xa <~ 0? We prove that 
the answer is 3d - 2. The next question is as follows: Bringing two checkers to the level 3d - 2, 
what is the minimum distance between them? We prove that the answer is 3. This was not 
known before, even when d = 2. 
1. ORIGIN OF THE PROBLEM 
Starting with a distribution of checkers in lattice-points (x, y) of the lower half-plane 
y ~< 0 of Z 2 using moves parallel with the co-ordinate axes of the type ~O"~" --*. • • O 
or .~----O--~ O. • • (one checker may jump over a second one, which is removed, if there 
is an empty spot behind the second one), it is possible to place a checker at the level 
y = 4. However, is is impossible to reach level y = 5 using any distribution of checkers 
at lattice-points (x, y) with y ~< 0. This is discussed in [2, Ch. 3] (and also in [1, vol. 2, 
pp. 714-717]). 
At the Nordic Combinatorial Conference in Norway 1993, Bernt LindstrSm gave a 
talk on the checker-jumping problem, in particular its extension to Z d. In this case 
checkers are situated at lattice-points (x,, x2 . . . . .  Xd) in Z d. Starting with a distribution 
of checkers in the half-space Xd <~ 0 one wants to place a checker in a point with xd as 
large as possible. It was conjectured that Xd = 3d - 2 maximum, and this conjecture was 
supported in the walk by solutions for d = 3 and d = 4. Also, it was proved that one 
cannot place a checker at Xd = 3d-  1 using a valuation of positions similar to J. 
Conway's valuation when d = 2. The legal moves in Z d are parallel to the co-ordinate 
axes of the same type as before. 
In conversation with Paul Vaderlind a second problem was initiated. Suppose that 
we bring two checkers to the level 3d-  2: What is the minimum distance between 
them? It is not hard to see that they cannot be neighbours. 
A short time after the conference, we could solve both the maximum height problem 
and the minimum distance problem. The solutions are presented in this paper in a 
theorem. 
THEOREM. There is a distribution of  checkers in the half-space Yd <- 0 of  Z a, d > 1, 
such that one can bring two checkers to the level Yd = 3d - 2 with only 2 empty places 
between them. This result is best possible. 
2. BOUNDS FOR THE MAXIMUM LEVEL AND MINIMUM DISTANCE 
We shall prove the following: 
PROPOSITION 1. Starting with any distribution of  checkers in Z d with Xd <~ O, it is 
impossible to place a checker at the level Xd = 3d-  1 using legal moves. Also it is 
impossible to place two checkers at the level 3d -  2 with at most one empty place 
between them. 
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PROOF. If P = (x,, x2 . . . . .  Xd) and q = (y~, Y2, • • •, Yd) are two lattice-points of Z d, 
define the distance d(P, Q)= ~,di=l IXi--Yil. Let o-= (V~-1) /2  and define the value of 
Q (with respect o P) as re(Q) = 00d(J'.o). The value of an arrangement C of checkers in 
Z d is defined by vp(C)=~e~cvp(Q). We want to place a checker in P. Note that 
re(P) = 1. 
If we go from an arrangement C1 to an arrangement C2 by legal moves, it can 
verified that vp(C2)<~ve(C~) as in the 2-dimensional case (see [2]). It follows that 
re(Co) t> 1 is necessary, if it is possible to place a checker at P using legal moves. 
We may assume that P = (0 . . . . .  0, n), n > 0, without loss of generality. The value 
re(Co) is less than the sum of re(Q) for all Q with Ya <~ O. 
Consider first Q with Yd = 0 and d(P, Q)= n + k, k >10. The number qk of such 
points equals the number of integer solutions of lYll +""  + lYa-d = k. We find the 
generating function for the sequence qo, qt . . . .  to be 
= [ ( l+x) ]  a - '  Z~ q*xk=( I +x +x +x2 +x2 + ' ' ' )d - I  
k=0 
(the first x i in the jth parenthesis corresponds to y] = - i ,  and the second one to yj = i). 
Using 1 - 00 = 002 and 1 + 00 = 00-1, we find the sum of re(Q) for Q'with Yd = 0 to be 
00,-3,1+3. To obtain the sum of re(Q) for Q with Yd <~ O, we multiply by 1 + 00 + 0 °2 + 
. . . .  00-2. This gives 00,-3,1÷1, which is 1 when n =3d-1 .  Since vp(P)= 1, it is 
impossible to place a checker at this level. 
Now assume that P is at the level 3d -2  and that P '  is a neighbour at the same 
level. Then we have vp({P, P '} )= 1 + 00 = 00-~, which is also the value of the lower 
half-space in this case. Hence it is impossible to place two checkers as neighbours at the 
level 3d - 2. 
It is also impossible to place two checkers at level 3d -2  with an empty space 
between. We prove this using a modified valuation. Assume that it is possible to place 
two checkers at the points with xl = +1, x2 . . . . .  Xd-i =0,  Xd =3d-  2. Choose P= 
(0 . . . . .  0, 3d -  2), let v(Q)= 00 d(P'(2) for Q with y~ ¢ 0 and let v(Q)= 0 for Q with 
Yl = 0. It is easy to verify that v(C2) ~< v(Ci) when we go from an arrangement C1 to an 
arrangement C2 using the legal moves. 
The sum of v(Q) for Q with yd<~O equals 00-1_002 (the sum of re(Q) of the 
half-space in dimension d minus the corresponding sum in dimension d - 1), which is 
200, the value of the twin configuration. This completes the proof. [] 
3. PLANE ARRANGEMENTS 
We shall study some useful arrangements in the plane and obtain a proof of the 
theorem in the 2-dimensional case. The general d-dimensional case will be derived 
using these. 
First, we have the joystick configuration (Figure l(a)). This has an even number of 
checkers: it places a checker at the star. Second, we have the laser gun shape. This 
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FIGURE 2 
places a checker two steps away from the star, when the gun is fired (Figure l(b)). A 
useful variant of the laser gun is the double barrel (Figure l(c)). 
Several laser guns can be stacked together to an arrangement that is slightly 
reminiscent of a map of the U.S.A. (Figure 2(a)). This has the property that when 
each gun is fired the result is a joystick to which the first transformation can be applied, 
placing a checker in the star position. The map can be made as large as is necessary. 
What we really want is a strategy that makes optimal use of a quasi-quadrant plus 
one extra checker anywhere along the border (Figure 2(b)), placing a checker in the 
star position. The quasi-quadrant consists of a large but finite part of the quadrant. It 
contains a number of vertical strips of width 2. Each strip contains a number of 
horizontal pairs of checkers and a vertical pair at the left border (Figure 3). The 
number of strips is equal to the depth ( -y )  of the extra checker. The quasi-quadrant is 
our main construction element. 
We can now prove the plane version of our theorem. 
PROPOSITION 2. There is an arrangement of checkers in the lower half-plane of Z 2 
such that one can place two checkers at level 4 with only 2 empty spots between them, 
but not any closer than that. 
PROOF. The quasi-quadrant, the double barrel and the laser gun in Figure 4 will 
bring a checker up to the fourth level. First, the T-shaped gun fires a single checker to 
level 2, and then the double barrel tries to fire a second checker to the same spot; the 
result is one checker on level 0 and one on level 3. The quasi-quadrant, which reduces 
to a single checker on level 1, combines with the other two checkers to produce a level 
4 checker. 
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It is obvious that there is a mirrored construction using the right quadrant. To make 
these two constructions fit nicely together, we must arrange for the protruding arms to 
appear on different levels, and it is clear that this can be done, that they can be played 
independently and that the final result will be two fourth level checkers with two empty 
spots between them. By Proposition 1 it is impossible to bring two checkers to the 
fourth level any closer than that. [] 
4. CHECKER JUMPING IN Z d 
The theorem will be proved by induction over d ~ 2. The theorem was proved for 
d=2 in Proposition 2. The induction step remains. Assume that we have an 
arrangement with the desired property in Z d-~. When placed in the lower half-space 
xt <~ 0 it produces two checkers at distance 3 at the level x~ = 3d - 5. We shall construct 
an arrangement in the half-space Xl <~ 0 of Z d which produces the arrangement of Z d -  1 
in the hyperplane Xd = 0 with xl ~< 3, i.e. lifted 3 steps in the direction of the xt-axis. 
Let CI, C2 . . . .  be an enumeration of all combinations of x2 . . . . .  Xd-~ which support 
a non-zero xl-column of checkers in the Z d-I arrangement. For each Ci there is an 
arrangement in a (Xl,X2) plane, which produces the corresponding Xl-COlumn with 
Xd = 0 and lifted 3 steps (see Figure 5). 
On the left we fire two laser guns, the triggers of which are orthogonal to the plane. 
The bullets from the two laser guns will go to level 2. One bullet can jump over the 
other one, placing a checker at Xl = 2, Xd = 0. When the left quasi-quadrant is reduced 
to a single checker on level 1, it can jump on to level 3. The same procedure on the 
right leaves checkers on level 1 and 2, if desired. The part in xl <~ O, Xd = 0 is intact. 
Hence we may produce any desired column with Xl ~ 3, Xd = 0. We have to make the 
arrangement deep enough such that the triggers of the laser guns do not interfere with 
previous parts of the arrangement under construction (corresponding to CI . . . . .  Ci-i). 
When this is done for all Ci the arrangement in Z d is complete, which gives two 
checkers on level 3d -  2 with two empty spots between them. By Proposition 1 they 
cannot get any closer that that. 
5. REMARK 
It is clear that two checkers at level 0 in Z 2 cannot give a checker at level 1 by the 
present rules, although a valuation Vp would not exclude this. This suggests that we 
could change the jumping rule such that side steps are permitted. With this more liberal 
rule we still have 'OR(C2) <<- vp(Ci) '  and we cannot place checkers at level 3d - 1 in Z d. 
However, we may narrow the distance between two checkers at level 3d -  2 by one 
step using this more liberal jumping rule. The modified valuation v(Q)  (permitting 
value 0) is not consistent with the liberal jumping rule, i.e. we do not have 
v(C2) ~< v(CI) when the arrangement C2 is obtained from CI. 
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